In this paper, we study the edge clique cover number of squares of graphs. More speciÿcally, we study the inequality Â(G 2 ) 6 Â(G) where Â(G) is the edge clique cover number of a graph G. We show that any graph G with at most Â(G) vertices satisÿes the inequality. Among the graphs with more than Â(G) vertices, we ÿnd some graphs violating the inequality and show that dually chordal graphs and power-chordal graphs satisfy the inequality. Especially, we give an exact formula computing Â(T 2 ) for a tree T .
Introduction
Given a graph G, the square of G, denoted by G 2 , has the same vertex set as G and an edge between u and v if and only if the distance in G between u and v is one or two. Squares of graphs have an application in the study of radio communication networks [11] and have been one of the interesting topics in graph theory [1, 2, 6, 7, 8, 9, 11, 12, 13, 14] .
An edge clique cover of a graph G is a collection of cliques that include all the edges of G. The edge clique cover number of G, denoted by Â(G), is the smallest number of cliques in an edge clique cover of G. In this paper, we study edge clique cover numbers of squares of graphs.
We denote the vertex set and the edge set of a graph G by V (G) and E(G), respectively. If v is a vertex of a graph G, the closed neighborhood of v, denoted by
, is deÿned as follows:
We will also use N G [v] for the subgraph of G induced by this set of vertices. We call a vertex v a simplicial vertex if N G [v] forms a clique in G. Proposition 1. Let G be a connected graph with n vertices that is not complete and let m be the number of simplicial vertices of G. Then
Take an edge e of G 2 and let u and v be the ends of e. We will show that u and v belong to N G [w] for some non-simplicial vertex w of G. If e = ∈E(G), then there exists a vertex w such that u and v are in N G [w] . Since u and v, neighbors of w, are not adjacent in G; w is not a simplicial vertex of G. Now suppose that e belongs to E(G). Then u and v belong to both N G [u] and N G [v] . If one of u and v, say u, is not a simplicial vertex of G, then we take u as w. If both u and v are simplicial vertices of G, then clearly
is not a simplicial vertex of G} is an edge clique cover of G 2 , and the proposition follows.
The following corollary is an immediate consequence of Proposition 1.
Corollary 2. A connected graph with the property
The above corollary leads us to ask, "Does the inequality Â(G 2 )6Â(G) hold for every graph G?" The answer turns out to be no. We can ÿnd graphs G with Â(G 2 ) arbitrarily larger than Â(G). Let V (K n ) = {z 1 ; : : : ; z n } (n¿4), and let C 1 ; : : : ; C n ; D 1 ; : : : ; D n be complete graphs on at least four vertices with the following property: for i; j = 1; : : : ; n, Fig. 1 for an example). Now it is not di cult to check that Â(G) = 2n + 1 and Â(G 2 ) = 3n. Then we come up with another question asking which graph G with the property Â(G)¡|V (G)| satisÿes the inequality. As it is well-known that the edge clique cover number of a chordal graph is less than its vertex number (refer to [5] ), it is natural to start with chordal graphs. The following corollary partially answers the question.
Proof. If G is complete, then n = 2 or 3 and the inequality clearly holds. If G is not complete, then there exist at least two nonadjacent simplicial vertices by a result of Dirac [4] . Now the corollary follows from Proposition 1.
In the rest of this paper, we focus on ÿnding families of graphs with properties Â(G 2 )6Â(G) and Â(G)¡|V (G)|.
A graph G with properties
Corollary 3 implies that a tree satisÿes the inequality Â(G 2 )6Â(G). But we can say more about the edge clique cover number of the square of a tree. Given a tree T , we say that an edge of T 2 − E(T ) is induced by a vertex v if its ends are both adjacent to v. It can easily be shown that two edges of T 2 which are not edges of T are covered by the same clique of T 2 if and only if they are induced by a same vertex. Since any non-pendant vertex induces at least one edge of T 2 , it immediately follows that Â(T 2 )¿n − m where n is the number of vertices of T and m is the number of the pendant vertices in T . Since any pendant vertex is a simplicial vertex in T 2 , by Proposition 1, Â(T 2 )6n − m and, therefore, we obtain the following theorem.
Theorem 4. Let T be a tree with n vertices, n¿3, and m be the number of the pendant vertices in T . Then
Theorem 4 shows that the upper bound for Â(G 2 ) given in Proposition 1 is sharp.
Corollary 5. Any tree T satisÿes the inequality Â(T 2 )6Â(T ).
The clique graph K(G) of G has the set of maximal cliques of G as its vertex set and an edge between two vertices if and only if the corresponding maximal cliques have a non-empty intersection. That is, it is the intersection graph of the maximal cliques of G.
Theorem 6. Let G be a connected graph which is not complete. Then
where H (G) is a subgraph of K(G) induced by the vertices whose corresponding maximal cliques form an edge clique cover of G.
and {C 1 ; C 2 ; : : : ; C m } be an edge clique cover of H (G) consisting of maximal cliques. For each i,
It is easy to check that C i is a clique in G 2 . We claim that {C 1 ; C 2 ; : : : ; C m } is an edge clique cover of G 2 as follows. Take an edge e of G 2 and let u and v be the ends of e. If e is in G, then there exists a maximal clique L in V (H (G)) containing e since V (H (G)) is an edge clique cover of G. Since G is connected and not complete, H (G) is connected and has at least two vertices. Thus L is not an isolated vertex of H (G). Therefore, L belongs to C i for some i ∈{1; 2; : : : ; m}, and so L = L ij for some j ∈{1; 2; : : : ; t i }. Thus u and v belong to L ij and, therefore, to C i . Suppose that e is not in G. Then there exists a vertex w such that uw and vw are edges of G. There exist maximal cliques L and L in V (H (G)) such that u; w ∈L and w; v ∈L . Since w belongs to L ∩ L , L and L are adjacent in H (G). Thus L and L belong to C i for some i ∈{1; 2; : : : ; m}, and therefore u; v; w belong to C i . Hence {C 1 ; C 2 ; : : : ; C m } is an edge clique cover of G 2 . This implies that Â(G 2 )6Â[H (G)].
Corollary 7.
If the clique graph of G is chordal; then G satisÿes the inequality
Proof. Let H (G) be a subgraph of K(G) induced by the vertices whose corresponding maximal cliques form an edge clique cover of G. Since the chordal property is hereditary, H (G) is chordal. Since the edge clique cover number of a chordal graph is less than the number of its vertices,
From Theorem 6, the corollary follows.
We note that Corollary 5 can also be derived from the above corollary since the clique graph of a tree is chordal (in fact, it is a tree). Brandst adt et al. [3] showed that the clique graphs of dually chordal graphs and those of power-chordal graphs are chordal and the following corollary immediately follows.
Corollary 8. If a graph G is dually chordal or power-chordal, then Â(G 2 )6Â(G).
As it is known that interval graphs are power-chordal, it is also true that an interval graph G satisÿes the inequality Â(G 2 )6Â(G).
Closing remarks
In this paper, we showed that dually chordal graphs and power-chordal graphs satisfy the inequality Â(G 2 )6Â(G). However, it is still open to see whether or not chordal graphs satisfy the inequality.
Finally, we propose the problem of characterizing the graphs with properties Â(G 2 )6Â(G) and Â(G)¡|V (G)|.
P.S. After this paper had been submitted, Lee [10] found a family of chordal graphs not satisfying the inequality.
